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Abstract

In this paper, the generalized two-dimensional problem of collinear interfacial cracks, between two dissimilar
piezoelectric media subjected to piecewise uniform loads at infinity, is studied by means of the Stroh formalism. It is
different from the relevant analysis done by other authors that in the present work, cracks are considered to be
traction-free, but permeable slits across which both the normal component of the electric displacement and the
tangential component of the electric field are continuous, and thus avoiding the common assumption of electric
impermeability. According to the above continuous conditions combined with the principle of analytical
continuation, the considered problem is reduced to a Hilbert problem. Explicit, closed-form expressions for the
electric field inside cracks, complex potentials in piezoelectric media and field intensity factors near the crack tips are
obtained. These results show that the electric field inside cracks is dependent on the material constants and the
applied loads. It is also shown that all the field singularities are dependent only on the applied mechanical loads,
not on the applied electric loads, which is different from those results based on impermeable crack model. © 2000
Elsevier Science Ltd. All rights reserved.
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1. Introduction

With increasingly wide application of piezoelectric composite materials in the engineering, the study
on the interfacial crack problem in piezoelectric media has received much interest. Suo et al. (1992)
analyzed the generalized two-dimensional problem of collinear interfacial cracks between two dissimilar
piezoelectric media in terms of Stroh formalism, and gave the structure of singular fields near the crack
tips. However, it should be noted that their studies are based on the impermeable crack model, i.c., a
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crack is assumed to be a thin cut with impermeable faces, and thus the electric field inside the crack is
neglected. This is the so-called impermeable crack assumption, which was widely used to investigate the
crack problem in piezoelectric media to simplify analysis, see, for example, the work of Pak (1990,
1992), Sosa and Pak (1990), Sosa (1992), Wang (1992), Park and Sun (1995), Gao and Barnett (1996),
Qin and Yu (1997), Zhong and Meguid (1997a, 1997b). In fact, cracks in the engineering are usually
filled with air or vacuum, and the electric field inside cracks is a non-zero unknown quantity. Hence, as
pointed out by McMeeking (1989), Pak and Tobin (1993), Dunn (1994), Sosa and Khutoryansky (1996),
Kogan et al. (1996), Zhang et al. (1998), Gao and Fan (1998, 1999a), the impermeable crack assumption
will lead to erroneous results. Recently, Beom and Atluri (1996) further addressed the interfacial crack
problem in piezoelectric materials. They introduced a matrix function with which the intensity factors
can be easily determined without solving the complicated eigenvalue problem. But it should be seen that
Beom and Atluri’s work is also based on the impermeable crack assumption. More recently, Shen and
Kuang (1998) investigated the piezothermoelastic problem of collinear interfacial cracks between two
half-infinite piezoelectric solids. In their study, the media are assumed to be subject to known loads of
traction and electric displacement only along the crack faces, and as a result the crack-tip fields are
obtained. However, in the engineering, one is often more interested in the full domain solutions of
piezoelectric media loaded remotely. It is well known that the case of remote loading can be readily
reduced to the case of crack-face loading by using the superposition principle, if the considered media
are purely elastic. But it is not easy to do this if the media are piezoelectric. When the piezoelectric
medium with a crack is loaded at infinity, the electric field exists inside the crack, and therefore the
crack has to be considered as an ‘electric inclusion’. This means that one has to overcome the difficulty
to determine the electric field inside the crack. Otherwise, the electric displacement on the crack faces
can not be known.

Similar to the crack problems in piezoelectric media, the problem of rigid line inclusions (sometimes
called as hard cracks or inverse cracks) has also received much attention. For example, recently, Deng
and Meguid (1998) addressed the generalized two-dimensional problem of an interfacial rigid line
inclusion at the interface of two dissimilar piezoelectric materials. In their analysis, the inclusion is
assumed as a conductor and thus the analysis process is simplified, since the electric field inside the
inclusion can be considered to be zero. In fact, the interfacial inclusion, which results during electric
packaging and manufacturing of intelligent composites, is usually a dielectric (Gao and Fan, 1999b).

It is the purpose of this study to investigate the generalized two-dimensional problem of interfacial
cracks between two dissimilar piezoelectric half-spaces. One of the novel features in this paper is that the
cracks are treated as permeable thin cuts across which both the normal component of the electric
displacement and the tangential component of the electric field are continuous. The other novel feature
is that the piezoelectric media are loaded at infinity, other than along the interfaces. The whole content
consists of five sections. Following this brief introduction, Section 2 outlines the Stroh formalism to be
needed in this paper, and then for two cases, we give the expressions for the electric field inside cracks,
complex potentials in piezoelectric media and field intensity factors near the crack-tips, respectively, in
Sections 3 and 4. The conclusions on the present work are drawn out in Section 5. In addition, the
loading condition at infinity is formulated in Appendix A.

2. Stroh formalism

Consider a piezoelectric solid in a Cartesian system x; (j = 1, 2, 3). Assuming that the displacement
u; and electric potential ¢ of the solid are dependent on x; and x, only, then the general solution for the
generalized two-dimensional problem can be expressed as (Suo et al., 1992):
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u = Af(z) + Af(2) 1)

¢ = Bf() + BI() )

with

u = [uy, Uz, u3, <P]T, ¢ = [¢1, ¢, b3, ¢4]T

f(z) = [fl(Zl),fz(Zz),ﬁ(Z3),ﬁt(Z4)]T, Zk =X1+prxa, (k=1,....4)

In the above equations, the superscript T represents the transpose; the overbar stands for the conjugate
of a complex number; A and B are two 4 x 4 matrices which can be determined from the material
constants; fi(z;) are complex potentials to be found; u and ¢ denote generalized displacement function
vector and stress function vector, respectively; pi (kK = 1,...,4) are the complex eigenvalues with positive
imaginary parts; In this paper we assume that p; are distinct. For this case, A and B are nonsingular,
and there is the following orthogonality relation (Chung and Ting, 1996):

Bl ATI[A A]_[1 0 3)
B" A"||B B| |0 I
where I is the 4 x 4 unit matrix.

Once f(z) is obtained according to the given boundary conditions, the stress o, electric displacement
D; and electric field E; can be given, respectively, by

0j1 = _¢j, 2,072 Zd)j,l’ (]= 172’ 3) (4)

Dy =~y 5, Dy =y 1, E1 = —ug 1, By = —ug > (5)

where a comma indicates partial differentiation. It should be noted that the one-complex-variable
approach introduced by Suo (1990) is used in this paper. After the solution of f(z) is obtained, one
should substitute z;, z», z3 or z4 for each component function of f(z) to calculate field quantities.

3. Interface cracks: non-oscillatory fields

Consider two dissimilar piezoelectric solids, one located in the upper half space Vi, and the other in
the lower half space V,, as shown in Fig. 1. The N interface cracks /, = a,b, (n = 1, 2,...N) lie on the
real axis x;, and the union of the cracks and uncracked part in the x;-axis are denoted by L. and Ly,
respectively. Moreover, it is assumed that the cracks are traction-free, but permeable slits filled with air
or vacuum, while the upper and lower half-spaces are subjected to piecewise uniform loads at infinity
and coexist in the state of generalized two dimensional deformation. The relation between the remote
loads is given in Appendix A of this paper.

For this problem, the boundary conditions on the crack faces can be written as

oh=05;=0 (j=1,2.3) onL. (6)

Dy =D;,Ef =E[ onL, (7
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On the bonded part, the continuous condition requires

+ _ = = P —
O-Zj_gzj’ U] _uj 5 O— 192’ 3) on Lb

®)
DY =Dy, Ef=E; onL, 9)
Summarizing Egs. (6)—(9), the above boundary conditions can be rearranged as
05=0, (j=1.2,3) onL (10)
JZ:GQ,D;:D{, —00 < X] < 00 (11)
Ef=E[, —o0o<x| <0 (12)
uf, =u-, onLy (13)
Ji 1 g1
where u; | = du;/dx;. The main task of the present work is to determine the complex potentials
satisfying Eqgs. (10)—(13).
For later use, define two vectors as
¢ 1 = (021,02, 023, D2)" w1 = (ur, 1, uz 1, U3 1, U 1) (14)

7 -
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Fig. 1. Collinear cracks between two piezoelectric materials loaded at infinity.
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where
ouy i L 1/0u ou; 1/ 0u ur\
ul’l_a)ﬂ_é”’uz’l_axl_z 8X1+8X2 +2 X 0X> =t o,
(15)
ous ous ouy ouy
= — = — — = 2, = T = _E
“, 1 dx, 0x; 0Xx3 813, U4, 1 x| !

In Eq. (15), €11, &2 and g3 are strain components, respectively; w3 denotes rotation. On the other hand,
one has from Egs. (1) and (2) that

u., = AF(z) + AF(7) (16)

¢ , =BF(z) + BF(7) (17)

where F(z) = df(z)/dz.
For the considered problem, F(z) can be expressed, in the upper and lower spaces, as

Fi(z) =C” +Fp(z) (I=1,2) (18)

where Fj(z) is a function vector in V; (/ = 1) or V5 (/ = 2), and Fy(c0) = 0; C;° is a constant vector to
be determined by the loading condition at infinity.
Substituting Eq. (18) into (16) and (17), and then take the limit z— oo results in

ACE +AC] =&° (19)
B/C® 4+ B/C” = o (20)
where
o0 o0 o0 o0 o0 o0 T
&° = (e}, €35 + 03°, 263, — E )1 (21)
T
o = (0'3‘1’, 055, 055, Dgo)l (22)

Egs. (19) and (20) can be rewritten as

A A1|CT £°
a5 @)

Using Eq. (3), one has from Eq. (23) that

Ccr BT AT £
— |2 2 24
{C,OO } [BT AT]I{ a7 } 9

Eq. (24) gives
C® =B +A]6° (25)

To determine the complete form of F/(z), one has to use Eqgs. (10)—(13). On x;, (11) requires
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BiFi(x1)+ BiFi(x1) = BoFa(x1) + BoaFa(x1), —o00 <xj < +00
Define a new analytical function as:

B/F () —BoFs(2), z € V)

J(Z):{Bze(z)—BlFl(z), ze Vs

Then, Eq. (26) can be reduced to
J'x)=J (x1)=0 —o00<x| <400

The solution of Eq. (28) is given (Muskhelishvili, 1975) by
J(z) = J(o0) =F%

where
F* = B,C® - B,C;

or
F* = B,C® — B,C}

Inserting Eq. (25) into (30) produces
F* = B;BT:® — B,BI: + (BIAT - 1?.21&;)030

In addition, one can obtain from Egs. (30) and (31) that
2F* = [B,CY® —BiCT | + [B.CF — B.CT |

Eq. (33) shows that F*° is pure imaginary.
Egs. (27) and (29) lead to

BiFi(z) - B.Fy(2) =F®, z e V)

B,Fy(z) —BFi(2) =F®, z € 1)
Introduce two auxiliary functions:

AU(X]) =uy, (x1)—uy (X1)
= [AlFl(xl) + AlFl(Xl)] - [Aze(x1) + A2F2(Xl)]

T(xl) = BlFl(xl) + E]Fl(xl)

Then, using Egs. (34) and (35), Eq. (36) reduces to

lAU(Xl) = H[BlFl(Xl) — H*lﬁBze(Xl) — Hil(?z - Y])Foo]

(26)

27)

(28)

(29)

(30)

G31)

(32)

(33)

(34)

35)

(36)

(37)

(38)
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where

Y, =iAB;, Y,=iAB;, H=Y,+Y, (39)
By defining

K@) = {I]?IIEIIgIZIngz(z) +H' (Y, - Y)F i 2 112 (“40)
Eq. (38) can be expressed as

iAU(x1) = H[K*(x1) — K™ (x1)] (41)

Noting that (12) and (13) imply AU(x;) = 0 on L, and therefore, (41) shows that K(z) is analytic in the
entire z-plane except on L.
Moreover, the continuous condition of E| on the x;-axis, i.e., (12), requires

Hy[K*(x) =K (x)] =0, —o00<x| <00 (42)
where
Hy = (Ha1, Hyn, Hys, Hyg) (43)

The solution of (42) is
H,K(z) = HyK(c0) (44)

Eq. (44) gives
Ku(2) ! iHK()+ ! H;K(c0) (45)
P Ki(z) 4+ —
4 H44 = 4j5%j H44 4

Similarly, by using Eqs. (34) and (35), one has from (37) that
T(x1)=K"(x1) +I?I_1HK’(x1) - (Yo + Y2)F®, —o00< x| <+00 (46)
On the bonded part, K(x) is analytic, and thus Eq. (46) becomes
Tee) = 01+A "HKx ) - Ko, x1 € Ly 47)
where
—_ 71 - 00
Ko=H (Y,+Y,)F

On the crack faces, one has T(x;) =isD,(x), where iy = (0, 0, 0, l)T and D,(x;) is an unknown
function which indicates the boundary value of D,(z) on the crack faces. Hence, Eq. (47) reduces

K+(X1)+I:I_]HK_(X1):K0+i4D2(X1), x; € L¢ (48)

Obviously once one obtains K(z) from Egs. (48) and (44), Fi(z) and F,(z) can be given by using (40),
and then all the field solutions can be determined without difficulty.
First let us examine a special case when H is real. For this case (48) degenerates into
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K+()C1)+K_(X1)=K0+i4D2()C1), x1 € L (49)

in which K is a pure imaginary vector.
Following Muskhelishvili (1975) and noting that Dy(z) is a bounded function at infinity (i.e.,
D, (00) = DS°), it can be shown that the solution of Eq. (49) is

1

K(2) = 5[Ko +1sD2(2)] + X()P() (50)
where

N 1 1

X@) =[]e—an) 2@—by) 2 (51)
n=1

P(z) = evzy Fen 2V 4 4e (52)

T
e = [ 2 ] n=NN-1....0) (53)

In Eq. (50), D>(z) and the constant vectors ¢, contained in P(z) are unknown. To find D,(z), inserting
(50) into (44) produces

Di(z) = HLMH4 [2K(c0) — Ko | — 2X(2)H4P(2) (54)

On the other hand, letting x;— o0 in (47) leads to
2K(o0) — Ko = 6%° (55)
where
o0 o0 o0 o0 o0 T
0y = (‘721» 03, 03, D3 )

Substituting (55) into (54) gives
3
o0 1 o0
Dy(z) = DY + T > Hyo3 — 2X(2)H4P(2) (56)
j=1

Furthermore, let us determine ¢,. Taking the limit z— oo in (50) yields

K(00) = 5[Ko + D5 + e (57)

N —

Substituting Eq. (57) into (55) leads to

1
Cy = 50’% (58)

where ¢9; is a constant vector dependent only on the mechanical loads at infinity, such that

6% = (6%, 0%, 0%, 0)" (59)
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To find the remaining unknown constants ¢,, (n = (N —1,...,0) in Eq. (52), one must use the single-
valued conditions of displacement and electric potential. Considering (41), these conditions require

f]g K(z)dz=0 (1,2,....N) (60)
Iy

where I',, is a clockwise closed-contour encircled the crack /,.
Substituting (50) into (60), and then using 3{5“ Dy(z) dz = 0 (since the total net charge on the cracks is
zero), one obtains

% X()P(z)dz =0 (61)
Iy

It can be found, from Eq. (61) together with Eq. (58), that all the coefficients in Eq. (52) are real, and
they depend only on the applied mechanical loads and the size of cracks, but on the applied electric
loads.

On the other hand, to determine the electric field inside cracks, letting z = x{ and z = x; in Eq. (56),
respectively, one has

1 3

DY(x{) =D + T > Hujo% — 2X(x])H4P(xT) (62)
=1
1 3

Dy(x;) =D + Hn > Hujo% — 2X(x; )HP(x ) (63)
=

Since DY(x7) = D5(x7), P(x])=P(x) and X(x])= —X(x[) on the crack faces, Eqgs. (62) and (63)
leads to

1 3
Di(x1) = DF + 51— ) Hyo%; (64)
440

Eq. (64) shows that DY equals a constant inside any crack.
Using Eq. (64), the component of electric field in the xj,-axis direction can be expressed as

0 Dgo 1 00
Ey=—>+ - > HyoS; (65)

where g is the dielectric constant of air.

After the above unknowns are determined, one can obtain the complete solutions of the complex
potentials, and then can finally give the expression of E|(z) at arbitrary position, including that on the
crack face. Thus, E9(x;) can be determined. It can be shown that E(x;) is in general not constant
inside the crack, and it exhibits the classical square root singularity as x; approaches the crack tips from
on the crack faces.

At the right tip of any crack /,, the field intensity factor vector k(b,) can be expressed as

k(h,) = lim ~2n(x; — b,)"*T(x1) (66)

X]Hh,
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Substituting (47) into (66) results in

k(b,) = 221 lim () — ba)' K (x1) (67)

From (67), the stress intensity factor kj(b,) (j = 1, 2, 3) and the intensity factor of electric displacement
k4(b,) can be expressed, respectively, as

ki(by) =2Jﬂx}@h (x1 — b)) PKi(x1), (G=1,2,3) (68)
ka(by) = 2427 Jim (xy - ba)'*Ky(x1) (69)

Inserting Egs. (50) and (45) into Egs. (68) and (69) gives

ki(by) = 2327 lim (x) — b)) PX(x ) PD(x1) (=1,2,3) (70)
1 3
ka(bn) = == = ;H4fkf(bn> (71)

Eq. (71) shows that the singularity of electric displacement depends on that of the stresses, while Eq.
(70) together with (52) indicates that the stress intensity factor is related to ¢, (n = N, N —1,...,0). One
can find from Egs. (61) and (58) that ¢, are dependent on the applied mechanical loads and crack size,
but not on the applied electric loads and the material constants. This means that the stress intensity
factor is identical to that of the corresponding isotropic material. Thus, Egs. (70) and (71) imply also
that the applied electric loads have no influence on all the field singularities.

For the case of a homogeneous piezoelectric medium, when D5° is applied solely at infinity, Eqs. (58),
(61) and (56) provide ¢, = 0 and D,(z) = D5°, and therefore (50) becomes

K(z) = %[Ko +1i4D5°] (72)

Since K, is pure imaginary vector, Eq. (72) indicates that in this case, the stress in the piezoelectric
medium is zero, while D, = DY = DS°. Similar results are also found by Kogan et al. (1996) and Gao
and Fan (1999a), who respectively studied the problems of a penny-shaped crack and a straight-line
crack in a transversely isotropic material using exact boundary conditions. On the other hand, if taking
a dielectric medium as a special case of a piezoelectric medium, one can immediately write the
corresponding solutions of the dielectric medium with cracks according to the above result. For a case
of a crack in the dielectric material subjected to uniform electric loads at infinity, it can be confirmed
that the result produced from the current work is the same as that of Wangsness (1979). However, for
this case if the impermeable assumption is used, one can find, from the work of Suo et al. (1992) and
Park and Sun (1995), that D, is singular near the crack tips.

4. Interface cracks: oscillatory fields

In this section we examine tllle general case when H is complex. For the sake of convenience, it is
assumed that eigenvalues of H H is of the form —e 2"
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.
0y = —3 + ig,
According to the definition of eigenvalues, one has

| —e 2™y~ 'H| =0

Noting
. . 1. .
—2mid, = —2mi| — 3 +ig, | = i+ 2me,
we have
_672711'61 — e2nsx

Thus, Eq. (74) reduces to
IH —e>™H| =0

Following the work of Suo et al. (1992), (77) results in
&l =&, 8 = —¢&, 63 = —IK, &4 = IK

where

12
£= ltanhfl[(b2 — cz)l/z—b]
T

1 [ 1 ]1/2
k = —tanh ' [ (% — 22+
T

b= %tr[(D’IW)Z]

c=|D'W|

D+iW=H

. . . — 1
Letting Q be the eigenvector matrix of H H, one has

Q_lﬁ_lHQ =4, A= ((—e_2”551)> — ((ezﬂ?’«))

4979

(73)

(74)

(75)

(76)

(77)

(78)

(79)

where the angular (({)) indicates the diagonal matrix in which each component is varied according to the

Greek index o.
Multiplying both sides of (48) by Q! leads to

+ - -
[Q'Kxn)] +Q 7T 'HQ[Q'K(v1)| = Q' [Ky +isDa(x1)]

Letting

(80)
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Q 'K(z) =R(2)

Q' [Ko +1i4Da(x1)] = R'(2)
and considering Eq. (79), Eq. (80) can be reduced to

R*(x1)+ AR (x1) = R%(x))
Expanding (83), one obtains

Ri(x1)—e ™ R-(x1)=RYx1) (x=1,....4)
Following Muskhelishvili (1975), the solution of (84) is given by

ZW@J Ry )dx
2ni ) X§(x1)(x1—2)

R,(2) + X5(2)P(2)

where P}(z) is an N degree polynomial, and

N
Xg(Z) = 1_[(2 — aj) _}’1(2 — aj)"/x—l
j=1

1 —2mid
Va:Tmlngma 8y = ¢€ 10

Using the following identities:
| - [N
yocz_é%séa:_z_i'lax’1+5a=§+18%

Eq. (86) can be rewritten as

z—b

<z - aj)’f“
vie = [

=1y = ap)(z = by)

It can be shown that (85) can be finally reduced to

Ro(2) = 1 Ry(2) + X §(2) Pul2)

+ sz7
where P,(z) is a new N polynomial:
Py =N+ LT+

On the other hand, (90) can be rewritten in the vector form as

R(z) = ( NRo(2) + ((X 5(2))P(2)

1 +e 27e,

where P(z) is given by (52).

(81)

(82)

(83)

(84)

(85)

(86)

(87)

(88)

(89)

(90)

o1

(92)
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Considering Egs. (81) and (82), Eq. (92) gives

K(z) =

(emm NQ ' [Ko +i4Da(2)] + QUX §(2))P(2) 93)

To find the expression of D,(z) in (93), inserting (93) into (44) yields

1 1 1
Dy(z) = —H4 |:K(OO) Q( m))QlKO] - C—DH4Q((X3(Z))>P(Z) (94)
where
1
Cp = HoQUy7)Q s (95)

Taking the limit as x;—o0 in Eq. (47) produces

(1+ 8 "H)K(c0) - Ko = 03 (96)
Multiplying both sides of Eq. (96) by Q! leads to

Q' (1+ A 'H)QQ 'K(c0) = Q' (Ko + 05°) (97)
Using Eq. (79), Eq. (97) becomes

(1 +e>)Q 'K(o0) = Q' (Ko + 05°) (98)

From Eq. (98), one obtains

K(c0) = NQ (Ko + 05°) (99)

(< 1 + eZnsu
Inserting Eq. (99) into (94), we obtain the final expression of electric displacement as

1

1
DZ(Z) H4Q((1 +e2ﬂs

NQ ey - —H4Q X3@NP(2) (100)
In addition, taking the limit as z— o0 in Eq. (93) yields

K(c0) = Q({ NQ'[Ko +isD5°] + Qey (101)

1 + e2n£u
Inserting Eq. (99) into (101), we have

1

1 +e2n8,>>Q710—ﬁ (102)

ey = ({

Eq. (102) together with (59) shows that ¢y is still independent of the applied electric loads.
To find the remaining coefficients ¢, (n = N — 1, N — 2,...,0), substituting Eq. (93) into (60) gives

jﬁr QUX ())P(=) dz = 0 (103)

Since Q is not singular, Eq. (103) can be simplified to
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j@ (XA P(E) dz = 0 (104)

Below let us study the electric field inside cracks. In Eq. (100), letting z equal x} and x|, respectively,
one has

DY(T) = o MU 5 Q 0% = o HAQU (T ))P() (105)

DY) = o HQU Q108 — QUG PG (106)
Using the following relations

Dy(xT) = Dy(x ). P(xT) = P(xy), X§(x ) = —e 2™ X G(xT) (107)

one obtains from Egs. (105) and (106) that

1 2mey, 1

1 + e2nsx

1
NQ 10 — — HQ((E

1
Dx)= —H
2(x1) CD 4Q(( 20, o

NUX G )NP(x) (108)

For the general cases, ¢,7#0, and thus the second term in the right-hand-side of Eq. (108) is not equal to
zero. This means that D5(x;) varies inside cracks, and moreover it is singular and oscillatory as x,
approaches the crack tips from on the crack faces. Similar nature can also be found for E9(x).

Substituting Eq. (93) together with (100) into (47), one can obtain the singular principal part of T(r)
ahead of the crack tip (x;9 = b,). The result is

T(r) = VIX G(x 1)) P(x1) (109)
where r means the distance from the crack-tip; x; = b, + r; and

vV=0+8"H)[Q+R]

1
1 + e2ns,(

1
R=—-7-Q NQ'isHQ
D

Thus, the field intensity factor vector may be defined as
k = [k, k. knr, kp]'= }ET})V 21V { (' (X G(x)NP(x1) (110)
Observing Eqgs. (110) and (52), one can find that k is related to c¢,, while (102) and (103) show that ¢,

are independent of the applied electric loads. This implies that in general cases, the singularities of the
stress and electric displacement depend only on the applied mechanical loads and the material constants.

As an example, consider a case of a crack which is located in [—a, a]. In this case, a; = —a, b = a,
and
1 z+a e
o —
Xo(2) = 22—a2<2—a> (111)

Pc)=cyz (N=1) (112)



C.-F. Gao, M .-Z. Wang | International Journal of Solids and Structures 37 (2000) 4969-4986 4983

Substituting Egs. (111) and (112) into (110), one obtains

K, (a) = VraV{{(2a)*)Q ¢S (113)
For the case of a homogeneous medium, one has
1
0 0 0 0 1 0 0 0
I 10 0 0 0 0 ! 0 0
R=—— , v=2|0 0 1 0 (115)
Hy| O 0 0 0
Hy, Hyp Hy
Hy Hyp Hyzs Hy - == =9
Hyq Hyy Hy,
Inserting Egs. (114) and (115) into (113) gives
ky = N/macss, ki = /macyy, ki = /nacs
1 3
kp=——) Hyo5 116
D H44j; 4/0—2./ ( )

which are consistent with those of Gao and Fan (1998), who analyzed an elliptic hole problem in
piezoelectric media by use of the Stroh formalism and exact boundary conditions. However, if the
impermeable crack assumption is used, one has kp = /naD5° (e.g., Suo et al., 1992). This means that
the impermeable crack assumption may lead to erroneous results for the crack problem in piezoelectric
media.

5. Conclusions

Based on the Stroh formalism, a theoretical study is done on the two-dimensional problems of N

collinear permeable cracks between two dissimilar piezoelectric solids subjected to uniform loads at
infinity. Exact and explicit solutions are presented both in the solids and inside the cracks. From these
results, several conclusions may be reached:

1.

Near the permeable crack-tips, the structure of singular fields is the same as that near the
impermeable crack-tips. However, for the case of a permeable crack all the field singularities are
dependent on the material constants and the applied mechanical loads, but not on the applied electric
loads.

. In general cases, the electric field inside interfacial cracks depends on the material constants, the

applied loads and diclectric constant of air. Moreover, it can be singular and oscillatory when
approaching the crack tips. For the case of a homogeneous piezoelectric medium with cracks, the
electric field inside any crack equals a constant.

. All the field variables in piezoelectric media are independent of dielectric constant of air or vacuum

inside cracks.

. In order to ensure the deformation of the upper and lower half-space compatible, the loads applied at

infinity has to satisfy certain condition, which is given in appendix.
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Appendix A. The condition of loading at infinity

Consider a piezoelectric solid in a fixed rectangular coordinate system x; (f = 1, 2, 3). Taking stresses
oy, and electric displacement Dy as independent variables, the constitutive equations can be expressed as
(Berlincourt et al., 1964)

&j = Sikiokl + kifDr, — Ei = gimior — PuDr (i, k, 1=1,2,3) (A1)

where s/, gk and B, are elastic constants, piezoelectric constants and dielectric constants, respectively.
For simplicity, introduce the engineering notation of stress and strain as follows:

01 =011, 02 = 022, 03 = 033, 04 = 023, 05 =013, 06 = 012

€1 = €11, &2 = &2, £3 = £33, &4 = 2623, &5 = 2813, &6 = 2¢12
Then, (A1) can be rewritten in the matrix form as

e=s0+g'D, —E=go—pD (A2)
For the generalized 2D problem, u; and ¢ are dependent only on x; and x; such that

&3=0,E=0 (A3)
Using Eq. (A2), Eq. (A3) gives

$3101 + - + 53606 + 1301 + g23D2 + 83303 =0 (A4)

23101 + -+ + 83606 — f31D1 — f3uD2 — f33D3 =0 (AS)

Solving a3 and D5 from Eqgs. (A4) and (AS), one obtains

1 0 2
03 = ———F——>" Z (ﬁ33S3,- +g33g3j)(7_j + Z(ﬁ33g3k - g33ﬁ3k)Dk (A6)
s13B33+ 833 | s k=1
J=L#
1 0 2
Dy=——F 23353 — §3383/)0; + 533P31 + 83383k ) Dk (A7)
533P33 + &5 _,-:12,;;3( ! e kX:;( * )

Inserting Eqgs. (A6) and (A7) into (A2), one has

g = &1 = a1 01 + a1202 + @104 + a1505 + a1606 + b11 D1 + b12D> (A8)
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&5 = 2813 = as5101 + a5202 + A5404 + as505 + ase0¢ + b1sD1 + brsDo

—E| = by101 + b1202 + b1464 + b1505 + b1go6 — 511Dy — 612D

where
g s 5385333 + S383833 + 53i€3i833 — $3383i83 Gj=1.2.4.5.6)
y y S33ﬂ33 +g323 ) 5 Ly Ty Iy
by = gy — 5381333 — $3833P13 + 1383833 + 533833 (j=1.2.4.506)
y y S33ﬂ33 +g323 ) 5 Ly Ty Iy
ggi3P33 — &i3Bg3s — Bi3gngss — suhbs ..
3 = By — = — : = (,j=1,2)

5Py + 85
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(A9)

(A10)

Mathematically, the upper and lower half-spaces come together at infinity, and therefore the following

continuous conditions hold:

()= (617),: (e53),= (613), (ET),= (ET),

Substituting Eqgs. (A8)—(A10) into (Al1), one can obtain

air  ais by o} air as by It
ais ass bs o351 ¢ —| a1s ass bs o351
bi bsi —on |, DY), Lbu bsi —on |, DY),
ais aie an an
o0 o0
= asg | —| ase 0y + asy | —| as 05
b |, Lbis ], b |, b,
a4 aiyg b12 b12
o0 o0
+ ass | —| asa 0y + bsy —| bs2 D3
b |, [ b ], —d12 |, [—9dnn ],

which is the condition of loading at infinity.
If neglecting the terms related to electric variables, (A12) reduces

air  as o | _|an ais ot

ais ass || 051 ), Las ass],| 0% ),

| a6 aie 0 ap amn 0o ayg ais o

=\la |~ oy + - 0y + - 023
s6 |, L ase |, asy |, |as |, ass |, |asa |,

(All)

(A12)

(A13)

which is consistent to the result of Chen and Hsu (1997). However, the derivation here is very explicit

and concise.
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